Consider the cellular downlink Orthogonal Frequency Division Multiple Access (OFDMA) system where a single transmitter transmits signals to multiple receivers on multiple discrete subcarriers. To adapt fast channel fluctuations, the transmitter should be able to dynamically allocate subcarrier and power resources. Assuming perfect channel knowledge, we formulate the joint subcarrier and power allocation problem as two optimization problems: the first is the one of minimizing the total transmission power subject to quality of service constraints, and the second is the one of maximizing a system utility function subject to power budget constraints. In this letter, we show that both the aforementioned formulations of the joint subcarrier and power allocation problem are generally NP-hard. We also identify several subclasses of the problem which are polynomial time solvable.
I. INTRODUCTION
Orthogonal Frequency Division Multiple Access (OFDMA) is a form of multi-carrier transmission and is well suited for frequency selective channels and high data rates. To adapt channel fluctuations in space and time and improve the overall system's throughput, OFDMA based systems should be equipped with dynamic subcarrier and power allocation algorithms. Recently, various heuristics approaches have been proposed for the joint subcarrier and power allocation problem for the OFDMA system [1] - [9] . However, none of them claimed that they could solve the problem (except some special cases) to global optimality in polynomial time and the reasons are often attributed to nonconvexity of the problem. However, not all nonconvex problems are hard to solve since the lack of convexity may be due to an inappropriate formulation, and many nonconvex optimization problems indeed admit a convex reformulation; some examples can be found in [10] - [15] . In contrast to nonconvexity, computational complexity theory [16] can characterize inherent tractability of an optimization problem. The goal of this letter is to analyze the computational complexity of the joint subcarrier and power allocation problem for the cellular downlink OFDMA system. The computational complexity of the dynamic spectrum management problem for the interference channel (IC) has been extensively studied in [10] . It is shown there that the dynamic spectrum management problem is NP-hard when the number of subcarriers is greater than two, or when the number of users is greater than one. For the OFDMA system, the reference [17] showed that the sum-rate maximization problem is NP-hard. Very recently, [18] provided a systematic characterization of the computational complexity status of the joint subcarrier and power allocation problem for the multi-user OFDMA system, where multiple transmitters transmit signals to multiple receivers on multiple subcarriers and different transmitters are not allowed to share transmission power.
In this letter, we focus on the characterization of the computational complexity of the joint subcarrier and power allocation problem for the cellular downlink OFDMA system. We consider two formulations of the problem: the total power minimization formulation and the system utility maximization formulation. The contributions of this letter are twofold. First, we show that both formulations of the problem are generally NP-hard. The NP-hardness results suggest that for a given cellular downlink OFDMA system, finding the optimal subcarrier and power allocation strategy is computationally intractable. Second, we identify several subclasses of the problem which can be solved in polynomial time. In particular, we show that the sum-rate maximization problem for the cellular downlink OFDMA system is polynomial time solvable. This result is in sharp contrast to the ones in [10] , [17] - [19] , where the sum-rate maximization problem is shown to be NP-hard in various different scenarios.
II. SYSTEM MODEL AND PROBLEM FORMULATION
In this section, we introduce the system model and problem formulation. Consider a cellular downlink OFDMA system, where a single transmitter (base station) transmits signals to K receivers on N subcarriers. Throughout this letter, we assume that N ≥ K; i.e., the number of subcarriers is greater than or equal to the number of receivers.
Denote the set of receivers and the set of subcarriers by K = {1, 2, ..., K} and N = {1, 2, ..., N}, respectively. For any k ∈ K and n ∈ N , suppose s n k to be the complex symbol that the transmitter wishes to send to receiver k on subcarrier n, then the received signalŝ n k at receiver k on subcarrier n can be expressed byŝ the received power at receiver k on subcarrier n is given by α
2 stands for the channel gain from the transmitter to receiver k on subcarrier n. Then, we can write the achievable data rate R k of receiver k as
In this letter, we assume that the transmitter knows all channel gains (through either feeback or reverse link estimation). We consider the joint subcarrier and power allocation problem for the cellular downlink OFDMA system:
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Besides the above total transmission power minimization problem, we also consider the system utility maximization problem, which can be expressed by
where P is the power budget of the transmitter, and H(R 1 , R 2 , ..., R K ) denotes the system utility function. Four popular system utility functions are:
-Sum-rate utility:
III. COMPLEXITY ANALYSIS
In this section, we shall investigate the computational complexity of problems (1) and (2) . We shall first show in Subsection III-A that both problem (1) and problem (2) with H = H 2 , H 3 , H 4 are NP-hard when the ratio of the number of subcarriers and the number of users, that is N/K, is equal to any constant c > 1. Then, we shall identify some easy subclasses of problems (1) and (2) which are polynomial time solvable in Subsection III-B. In particular, we shall show that problem (2) with H = H 1 is polynomial time solvable.
A. Hard Cases
We first show the NP-hardness of problem (1) . To do this, we consider its feasibility problem.
If the feasibility problem is NP-hard, so is the original optimization problem. The NP-hardness proof of the feasibility problem of (1) is based on a polynomial time transformation from the 3-partition problem. Given any instance of the 3-partition problem with A = {a 1 , a 2 , ..., a 3K } and B ∈ Z + , where B/4 < a n < B/2 for each a n ∈ A and 3K n=1 a n = KB, we construct a cellular downlink OFDMA system where there are 3K subcarriers and K receivers. Hence, K = {1, 2, ..., K} and N = {1, 2, ..., 3K} . The power budgets per subcarrier are set to be P n = 1, n ∈ N ; the desired transmission rate of all receivers are set to be γ k = B, k ∈ K; and the channel gain and the noise power of all receivers on all subcarriers are set to be
Then the corresponding instance of the feasibility problem is
We are going to show that the constructed problem (4) is feasible if and only if the answer to the 3-partition problem is yes, i.e., the set A can be partitioned into K disjoint sets S 1 , S 2 , ..., S K such that n∈S k a n = B, k = 1, 2, . . . , K.
We first show that if the 3-partition problem has a yes answer, then the constructed problem (4) is feasible. Suppose that A = {a 1 , a 2 , ..., a 3K } can be partitioned into K disjoint sets (5) is true. Then we can construct a feasible power allocation as follows:
It is easy to see that the above power allocation vector (6) satisfies (1d) and 1 ≥ p n k ≥ 0 for all k ∈ K and n ∈ N in (4). Now, let us check the first condition of (4): for each k ∈ K,
So, (6) is a feasible solution for problem (4).
On the other hand, we show that if the constructed problem (4) is feasible, then the answer to the 3-partition problem is yes. Suppose that {p n k } is a power allocation vector which satisfies all conditions in problem (4). Clearly, we have
Consider the sum-rate maximization problem
Noticing that the channel gains from the transmitter to all receivers on each subcarrier are same in (8), one can simply verify the following two useful facts:
• Fact 1: The optimal value of problem (8) is equal to B;
• Fact 2: To achieve the optimal value B of problem (8), the total transmission power should be equal to 3K.
Combining (7) with Fact 1, we obtain
This, together with Fact 2 and (1d), implieŝ
and k∈K n∈Np n k = 3K.
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and using (9), (10), and (11), we immediately have (5), which shows the 3-partition problem has a yes answer.
Since the 3-partition problem is strongly NP-complete [16] , we conclude that checking the feasibility of problem (1) is NP-hard. Therefore, the optimization problem (1) is NP-hard.
Remark: The NP-hardness of problem (1) has been shown in a recent paper [20] . In this letter, we provide a new proof, which is much simpler than the one in [20] . More important, the new proof can be directly extended to show the NP-hardness of problem (2) with H = H 2 , H 3 .
Theorem 2:
Given any constant c > 1, the system utility maximization problem (2) with
Proof: Without loss of generality, consider the case c = 3. For any given instance of the 3-partition problem, we construct the same downlink OFDMA system as in the proof of Theorem 1 and set P = 3K in problem (2).
Theorem 1 directly implies that the min-rate maximization problem
and 1 ≥ p n k ≥ 0, k ∈ K, n ∈ N . is NP-hard, since the problem of checking whether its optimal value is greater than or equal to B is NP-hard.
Consider the sum-rate maximization problem under the same setting, i.e.,
We know from Fact 1 and Fact 2 in the proof of Theorem 1 that the optimal value of problem (12) is equal to B.
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Notice that for all R 1 , R 2 , . . . , R K ≥ 0,
and the equalities hold if and only if R 1 = R 2 = · · · = R K . Therefore, the optimal value of problem (13) is greater than or equal to B if and only if the answer to the 3-partition problem is yes. This implies the NP-hardness of problem (2) with H = H 2 and H = H 3 .
B. Easy Cases
In this subsection, we identify some polynomial time solvable subclasses of problems (1) and (2).
Theorem 3:
1) The system utility maximization problem (2) with H = H 1 is polynomial time solvable.
2) The system utility maximization problem (2) is polynomial time solvable when there is only a single receiver.
3) The total power minimization problem (1) 
A Two-Stage Polynomial Time Algorithm for Problem (14) S1. Subcarrier allocation: for each subcarrier n ∈ N , let
S2. Power allocation: solve problem
S3. Output the optimal solution to problem (14):
a Such π(n) might not be unique, and if so, we choose any one of them.
The relation (15) indicates that the receiver with the best channel condition will be served on each subcarrier. Define
Then, the set of subcarriers N is optimally partitioned into K nonoverlapping groups {N k } K k=1
(the transmitter will transmit signals to receiver k on subcarriers in N k ). The inequality n∈N k∈K
shows that {(p n k ) * } returned by the proposed algorithm is globally optimal to problem (14) , where {p n k } is any feasible point of problem (14) , (a) is due to (15) , and (b) is due to (16) and the OFDMA constraint (at most one of {p n k } k∈K is positive for any n ∈ N ), and (c) is due to the construction of (p n k ) * in (17) . Now, we show the polynomial time complexity of the proposed algorithm. It is obvious to see that the subcarrier allocation step S1 takes KN comparison operations. Moreover, we know from [18, Section IV-B] that problem (16) in the power allocation step S2 can be solved in N log 2 (N)
operations by the extended water-filling algorithm. Therefore, the worst-case complexity of the proposed algorithm is O(NK + N log 2 (N)).
2). When there is only a single receiver (K = 1) in the system, all the four system utility functions coincide and problem (2) becomes problem (16) . Therefore, problem (2) with K = 1 can be solved in N log 2 (N) operations.
3). Case 3) is a generalization of the results in [18] where polynomial time solvability of problem (1) for the multi-user OFDMA system is studied. Case 3) can be proved by a similar argument as in [18] . Table I summarizes the complexity status of the joint subcarrier and power allocation problems
(1) and (2) for different scenarios. P P P P P P P P P P Multi-User OFDMA with N/K > 1 NP-hard [18] NP-hard [17] , [18] NP-hard [18] Cellular Downlink OFDMA with N/K > 1 NP-hard [20] Poly. Time Solvable (Theorem 3) NP-hard (Theorem 2) IV. CONCLUDING REMARKS In this letter, we have shown that the joint subcarrier and power allocation problem for the cellular downlink OFDMA system is generally NP-hard. We have also identified some subclasses of the problem which are polynomial time solvable, such as the sum-rate maximization problem. These complexity results reveal that the joint subcarrier and power allocation problem is intrinsically difficult to solve (except some special cases) and therefore provide valuable information to algorithm designers in directing their efforts toward those approaches that have the greatest potential of leading to useful algorithms.
